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Abstract. Observables of supersymmetric quantum mechanics are coded by taking the
antisymmetric tensor product with anticommuting parameters. Next we define superunitary
transformations, which mix bosonic and fermionic degrees of freedom, in order to construct
automorphisms of the canonical (anti)commutation relations (c(a)CR). Conversely, every
automorphism of the C(A)CR is implemented by an essentially unique superunitary transfor-
mation.

1. Introduction

The concept of supersymmetry was invented and first developed within the framework
of relativistic quantum field theory [1]. Nevertheless, applications of supersymmetric
algebras to systems with a finite number of degrees of freedom lead to many physically
relevant problems [2]. For extensive surveys of physical treatments of supersymmetry
see, for example, the reviews [3].

An axiomatic formulation of supersymmetric quantum mechanics (ssQM) has been
introduced in [4], which can be rewritten conveniently in terms of sesquilinear forms
[S]. Here we are working in the Hilbert space of f bosonic and f fermionic degrees
of freedom, which is isomorphic to the tensor product of the Hilbert space of wavefunc-
tions L*(R”) times the Grassmann algebra of f anticommuting variables.

In order to investigate transformations, which mix bosonic and fermionic degrees
of freedom, an additional Grassmann algebra of g anticommuting parameters is
introduced. Next we take the antisymmetric tensor product of that algebra with the
C* algebra of bounded operators on our Hilbert space. The notion of a scalar product
is extended to matrix elements of such coded operators with the help of the van Hove
rule [6]. Unbounded operators are restricted to invariant domains and, similarly,
coded by these anticommuting parameters.

Next we define groups of superunitary transformations and use them in order to
construct automorphisms of the canonical (anti)commutation relations (c(a)cr). Con-
versely, we show that any two representations of the c(a)cr by coded operators, defined
on suitable domains, are connected by an essentially unique superunitary transforma-
tion. In that way we extend von Neumann’s uniqueness theorem [7] to the linear
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combination of bosonic and fermionic observables. These superunitary transformations
are then combined with unitary transformations of the fermionic oscillator representa-
tion of the c(a)cRr.

We note that various aspects of supergroups have been dealt with in recent
publications [8].

2. Fermionic oscillator representation of the c(a)cr

We use the Grassmann algebra ¥, of polynomials in the pairwise anticommuting
variables C, k=1,..., f, over the field of complex numbers C, in order to describe
systems with f fermionic degrees of freedom. Any element C € ¥4, can be expanded
into 2/ monomials [9]

C= 'YoIf+1 ‘ Z - yil.”ipcil' .. Ci,, Yos Yiy..i, € C (2.1)
where I, denotes the unit element of the associative algebra %, Through the definition
of a degree, i.e. deg C =0 (deg C =1), if C is a linear combination of monomials with
even (odd) p, 4, becomes an associative superalgebra. v,I; gets degree zero, too.
Elements of ¥, which are either even or odd, are called homogeneous.

The derivative from the left with respect to C, is defined via linear extension of

P
DG, ... }: )" 8,C ... £, ..

ln

Cip DkIf=0 k=1,...,f (22)

where the notation £; means, that C; has to be omitted. For a homogeneous element
of degree deg C, we get

D, (CC")=(D,C)C'+(-1)*5“ C(D,C") k=1,....f (2.3)

which shows that the endomorphism D, is a graded derivative of 4.

The Grassmann algebra ¥; of polynomials in D,, k=1,...,f, is combined with
the algebra ¥, fulfilling the canonical anticommutation relations (CAR)
[Ci’ Ck]+=0 [Dh Dk]+=0 [Ci’ Dk]+=6ik1f lak=1af (2'4)

and yields the Clifford algebra %, of polynomials in the 2f variables C,+ D, and
i(Cy—Dy), k=1,...,f, over C.
With the scalar product [5]

(CICY=CFCo+ X Ck.Ciy (2.5)

Isij<..<i,<f

%, becomes isomorphic to the f-fold tensor product &’ C>. Its basic elements can be
represented by the Klein-Jordan-Wigner transformed Pauli matrices

k-1 Sk
G=Q (- )®c" ® &, k=2,....f
f-1
=(T+® £s

1
E_=(1 0) 03'=<1 0) +__<0 1)
*7\o0 1 o -1 77\ o)

This scalar product implies that D, =Cy, k=1,..., f

(2.6)
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In order to combine these f fermionic degrees of freedom with an equal number
of bosonic degrees of freedom in the spirit of ssoM, we define the tensor product
H; = #,® 4 of G, with a separable Hilbert space #,. ¥, can be decomposed according
to the Z, grading of 9. Let us denote the projection operators onto bosonic and
fermionic states by N, and N,, respectively. The Klein operator is then defined by
K = Ny,— N, [6]. The scalar product of states ¥, & € ¥, is given by

<¢|‘I’>=<¢0|d/o>+ Z <¢il‘..ip|wi1...i,,>

isi<..<i;<f

V= ol + > ¥, Gy G Yo, Yi,..i, € K,

Isi<..<i,<f

(2.7)

where ® has a similar decomposition as V.

The separable Hilbert space &; = L*(R’)® ¥, becomes isomorphic to the 2f-fold
tensor product ®’ (L*(R')®C?), if one takes for ¥,= L*(R") the Hilbert space for f
bosonic degrees of freedom. The closed operators in L*(R")

V2 B, = X, +iP, V2 BL:= X, —iP,

dom B, =dom B} =dom X; ~ndom P, k=1,...,f (28)
fulfil the canonical commutation relations (ccr)

[By, Bil-< I, dom BB} =dom BjB,

(B, B,].=0 [B, Bil-=0 itk=1,...,f 29)

in the sense of spectral families of position operators X; and momentum operators
P.. In equations (2.9) I, denotes the identity mapping of L*(R).

In the following, we shall use the shorthand writing B, and C, for B,®I; and
I.® C,, and similar abbreviations will be used for closed operators in L*(R’) and
endomorphisms of 4;. The ccr (2.9) are combined with the car (2.4) in Z; to the
canonical (anti-) commutation relations (c(A)CR)

[Bi’ BL]—Caika [Ci’ C;.(]+=6ik1 i’k'__l""yf
[Bl', Bk]— =0 [Cl's Ck]+ =0 [B,', Ck]— =0 [Bia C;‘c]— =0

which hold in the sense of spectral resolutions. Von Neumann’s theorem asserts that
every irreducible representation of the c(a)cr in a separable Hilbert space is unitarily
equivalent to the ‘fermionic oscillator representation’ (2.10) [7]. For a more detailed
statement see [5], for example.

The fermionic oscillator model is defined by the Hamilton operator

(2.10)

H:= ﬁ (BLB+CiCi) = ﬁ (Pi+Xi-0})=0 (2.11)
k=1
where the Klein-Jordan-Wigner transformation was used in (2.11). The + on the rRHS
of (2.11) denotes the form sum [10]. The supersymmetric structure of this model is
well known.

3. Anticommuting parameters as coefficients of ssQm

An axiomatic formulation of ssQMm can be conveniently given in terms of sesquilinear
forms [5]. One thereby defines self-adjoint supercharges Q,, n=1,..., N, which act
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in the separable Hilbert space #. Let N, and N, be the projection operators onto
even and odd states with Ny+ N, =1, and define the Klein operator as K = N,— N;.
Then one requires, that

Qi=H dom Q, =dom H'? n=1,...,N
(Qn®|Qn¥) +(Q.P|Q.¥)=0 n#gm=1,...,N (3.1)
(Q.®|K¥)+(K®|Q,¥)=0 ¥, dedom H"?

The supercharges map states from N3 to N, % and vice versa. H will be reduced
by the bosonic subspace No& as well as by the fermionic subspace N, ¥.

In order to construct automorphisms of the c¢a)Cr, which combine linearly bosonic
and fermionic operators, and in order to respect the Z, grading, one introduces
anticommuting parameters: Let &, be the Grassmann algebra of polynomials in the
variables ®,, i=1,..., g, with complex coeflicients. We construct the skew-symmetric
tensor product 2,® B(¥) of @, with the C* algebra of bounded operators on ¥,
which implies a Z, gradation. The orthogonal decomposition of ¥ into bosonic and
fermionic states enables one to consider B(#) as an associative superalgebra [11],
since any Ae€B(&#) can be decomposed as A=(N;AN,+ N,AN,)+
(NyAN,+ N;AN,). The composition law

(ORA)O'®A) = (—~1)48*"2%(QO)Q(AA") A A€B(¥%),0,02, (3.2)

for homogeneous elements A and ®’ can be linearly extended to 2,® B(#); it can
be represented by an endomorphism of the algebraic tensor product &, ® ¥ according
to

(ORANO'QV) = (—1)t4e%(@0)Q(AY) Ve (3.3)

The elements of such tensor products can be expanded into 2% basis elements of
D,, according to

L®A+ Y 0,...0,0A, ,c2,®B(%) A, B
Isfi<.<iy=
f (3.4)
L, ®V¥,+ Y 0,...0,¥, ,c2,®K v, i, eX

Isij<..<i;<g
where I, denotes the unit element of &,.
In order to extend adjointness to the tensor product (3.2), one defines an involution
on %, by

.0, (3.59)

1

*
<C01g+ Y ¢, -®,-,...®,-p> =cfl,+ Y ¢k .0,

) ) iy...ip ) ) iodp g+
1=y <.<i,<g Isi<.<i,<g

especially ®F =0, and (0,0,)*=0,0,, i, k=1, ..., g. This involution is extended to
2, ® B(¥) by

(OR®A*=([[®AO*®I) OeP,; Ac B(¥) (3.6)

where I denotes the identity mapping of . In the following we shall suppress the
symbol ®, and write

ORA=(ORI)NI,®A)=0A (,RA)O®I)=A0O (3.7)

and @A =(—1)9849894@ holds for homogeneous elements A and ®. With that
convention, (3.6) is rewritten as (@A)* = A'@*,
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For the special case # = ¥, the linear combinations of I[;®1I;, [, ®C,, ... C,
0,...0,®Land@,...0,8C,...C,1<i<...<jjsg 1<k <..<k <[ with
complex coefficients yield the Grassmann algebra with basis {0, ...0,, C,... C/}.

Definition (3.3) is naturally generalised to unbounded operators by defining

dom(Ing+Z G)il s @,’pA{”)
{i}

= {IS\I,0+(Z:}®JI e G)Jq\P{J}‘\POeQ dom A(i),
J i

¥, edom A, for{i}ﬂ{j}=®}. (3.8)

Such tensor products shall be called coded operators acting on coded states. In
the following, the domains of densely defined operators A and their adjoints are
assumed to be graded, which means that ¥ edom A implies K'¥ edom A and also
K dom A"<dom A", As a special case we note that the domain of an even or odd
operator is graded. Using the relation ® A = KAK ®, which holds for odd ® ¢ &,, one
extends the operation of taking the adjoint to coded operators by the rules

.
(13A0+Z Q... @,-PA{,-}> = A, +Y A9, ...0,
{i} {i}

=LA+ Y 0,...0,A+ Y 0,...0,KAK (3.9)

peven podd
tt
(Ing+z ®il"'®ipA{i}> =IgA0+Z @,’1 ...@,"’A_{l’}
{i} {i}

for closable operators Ay, Ay in .

The algebraic tensor product &, ® # is not equipped with a topology, because the
anticommuting parameters @, i=1, ..., g, are not considered as operators, but merely
as coefficients. The scalar product on # x 3 can therefore be extended to the following
mapping from (2, ® %)’ into 2, [6]:

<Z @,‘l e ®ip¢{i}’ Z Gjl oo ®jq‘p{j}>
{i} {Jj}
= z <®{i)‘®ip . ®i1®j1 PR @jq‘l’{j))

{iin{j}=2

= z @,-P e ®i|®jl e G)Jq(Q(‘)‘KP‘*'Q\I[U}} (3-10)

{i}n{j}=2

where we used the fact that K?=1. The rules (3.9) can therefore be understood as
adjointness relations of the form

(O'V0AQ" Y =(A"O*O'V'|0"Y")
=(@*O' KA K V|0
=0™*OO(KY AT Ky |u
=0*@O"(K T W|AK ¥ (3.11)
where the degrees of @, ®’, @ are denoted by d, d’, d".
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4. Groups of supertransformations

The Z, graded tensor product (3.2) can be used to construct groups of supertransforma-
tions. Let A, be the associative superalgebra of linear operators G with a common
invariant domain € = dom G, which is dense in the separable Hilbert space ; therefore
G€ < 6. ¥ is assumed to be Z, graded with Klein operator K, and € is assumed to
be graded. By linear extension of the supercommutator {11]

[G, G'l:= GG' - (-1)*E*ETG'G G, G'e A (4.1)

where G and G’ are homogeneous, A, becomes the Lie superalgebra L. The
skew-symmetric tensor product P, ® Ay becomes an associative superalgebra, if we
restrict states to be in € and linear operators to be in A, in the definitions (3.2) and
(3.3).

Let A% be the subalgebra of linear operators G € A, such that dom G 2% and
G'€ < €. The corresponding Lie superalgebra will be denoted by L%. For the skew-
symmetric tensor product 2, ® A%, which is an associative superalgebra, one can define
an involution by linear extension of

(0G)*=(0G) |a,0¢ (OG)*=0G GeA%0c?, (4.2)

The coded operator Te Z,®A% is called superunitary on %, iff it fulfills the
conditions

T=L®I+Y0,...0, T, T*T=TT*=[,®1e. (4.3)
{i}

In (4.3) T, is assumed to be even (odd) for even (odd) p, such that T is an even
linear bijection of the algebraic tensor product 9,® €.

If T, and T, are superunitary, T,T, is superunitary too. The set of superunitary
operators on € therefore becomes a group with unit element I, ® I|, and the inverse
elements are obtained with the help of the involution defined above. For some fixed
invariant common domain € this group will be denoted by U,.

Let ®% k=1,..., g, be homogeneous elements of P, such that (8*)>=0, and let
G, be out of L such that ©*G, is even. We define the exponential exp (@'G,+...+
®9G,) by the series expansion, which becomes just a finite polynomial, since (@'G, +
...+0%G,)?"'=0. By convention we restrict the exponential also to &, ® €. As an
example we note that for Ge L, ©G even with ®>=0,

exp (10G) = [,® |+ 10G (4.4)

for te K, which we take to be either R or C.

In order to investigate groups of exponentials, we need the following commutation
relations.

Lemma 4.1. Let G and G’ be homogeneous elements of L, let =072 =0, and OG
and @'G’ be even. Then we find the relations
[exp (tOG), exp(t'OG")]_.=-1t1'OO'[G’, G]=1'0'O[G, G'] (4.5)
and therefore, for ¢, t', s, s'€lK,
exp(t®G) exp('0’'G’) exp(sOG) exp(s'0'G")
=exp[(t+5)OG]exp[(t'+s)0'G")] exp(st'®O[ G, G]). (4.6)
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One-parameter groups {exp t@G|reK} of exponentials (4.4), with unit element
I, ®I|¢, give representations of the additive group K and can be used to construct
automorphism groups of the c(a)cr.

Next we investigate the multiple supercommutators of operators € L, which arise
if one takes products of exponentials of the form (4.4). For each ordered multi-index
{i}={ir,..., 0}, 1<i,<...<i,<g, we choose some homogeneous element G; € L¢
of degree 0 (or 1) for even (or odd) p, and construct the commutative one-parameter
group {T;;,(1)|t € K} of exponentials

Ti(1) =exp(10(,Gy) (4.7)

with ;= 0, ... 8, , which we call supertransformations. The G,;, will be called the
generators of these transformations. If especially G, L% and

Gas (—l)qﬂGIn p=2qor2g—1;qeN (4.8)

where p denotes the ‘length’ of the muiti-index {i}, then the supertransformations
Tn(t) e D,® A% become superunitary:

Tzki}(t)=T{i)(_t) T?‘i}(l)T{i}(l‘):T(i}(t)Tzki}(f)=Ig®I[<€ (4.9)

for teR. The generators G, need not be (anti)self-adjoint in general.

The set of finite products of supertransformations (4.7) forms a group J under the
product (3.3), if we restrict it to P, ® €. From (4.8) it follows that a supertransformation
T e T is superunitary, if its generators are (anti)symmetric.

Lemma 4.1 allows us to describe the group J with the help of finitely many
parameters. Forthe case g =2, for example, an easy iteration of (4.6) yields lemma 4.2.

Lemma 4.2. For g =2 we choose G,, G, and G,,€ L, with G, even, and G,, G;
odd. Every supertransformation T € I can then be described by four real (or complex)
parameters

T =exp(1,0,G,) exp(1,0,G,) exp(,,9,0,[ G, G;].)
X exp(5120,0,G)t, 1, 115, s K. (4.10)

T is superunitary iff the three generators are symmetric.
The number 7 of independent real (or complex) parameters, which one must fix,
in order to label the elements of the group 7, is finite due to the following lemma.

Lemma 4.3. = is equal to the number of linearly independent multiple supercommu-
tators of generators Gy, with disjoint multi-indices {i.}, k=1,..., q.

In order to include the generators themselves we denote them as zero supercommu-
tators. Note that the group J is constructed from a fixed family of generators Gy,
{iy={i,,..., i}, 1si<...<i,<g

If one introduces more than one, but a finite number of generators for an ordered
multi-index {i}, the group of finite products of supertransformations of type (4.7) is
given by linear combinations of the generators belonging to the same multi-index, and
by all linearly independent multiple supercommutators of such linear combinations.

5. Implementing automorphisms of c(a)cr

The superunitary transformations introduced above can be used to construct
automorphisms of the c(a)cr. In order to simplify the notation, we introduce the
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operators

i Bk|<g lfl=0,
Al = f 54
ko {Ck“@f ifi=lsk=1$"'9f ( )

on an appropriate invariant domain %;:= 6,® %, which is dense in &,. One may, for
example, take €, = S(R’), the rapidly decreasing C™-functions. The following lemma
is easily derived.

Lemma 5.1. Let T;4(1) be the superunitary transformations defined in (4.6) to (4.8),
and take ¥ = Z; and € = €,. The c(a)Cr are then conserved under these supertransfor-
mations in the sense that

[AY(D), A}(1)]=0 [AL(1), A7 ()] = 88,15 r= Ig;‘”%]
Al(n)= T(i}(t)AL,oT?‘i}(t) = T{i}(t)A;(,OT{i)(_t) (5.2)
teR i,j=0,1 ki=1,....f

It is simple to decompose such supertransformations following the notation of § 4.

Lemma 5.2. Let Ac L and G’ be a homogeneous elemente L, 0, ®' € &, with 072=0
and let ®'G’ be even. Then one obtains

exp(0'G')BA exp(-0'G' ) =0A+00[G', A]|p,e«- (5.3)

By taking products of superunitary transformations (4.7)-(4.9) we define the following
automorphism of the c(a)cr: Take A€ Ly and let

T:=[]exp(1(40,Gy) =[1Tii(1;y) 1 eR (5.4)

with (anti)symmetric generators G;;, € L¢ like in (4.8). The product in (5.4) is ordered
such that T, stands to the leftof T}; ,,if p>gq,orif p=g and i;>j,,orif p=g¢
and i, =j, and i,>j,, etc. T is superunitary in the sense of (4.3). Using (5.4) we get
the following expansion of TAT™* into multiple supercommutators

TAT* = A+z t(,-l) e I(,‘q)@{,ﬂ N G(iq}[G{iq}’ [ .. [G{fx)’ A] . ]] (55)

where the sum runs over all possible choices of pairwise disjoint ordered multi-indices

{i}, k=1,..., g, which are then ordered according to the product (5.4): ©,,, is put

to the left of @, for k </, if Ty, is put to the right of T, in the product (5.4).
Lemma 5.1 can now be iterated to lemma 5.3.

Lemma 5.3. Wetake #'= %, and € := %, and obtain from the superunitary transforma-
tion T defined in (5.4) an automorphism of the fermionic oscillator representation of
the c(a)cr by

Al =TA;, T* ,j=0,1; k1=1,...,f (5.6)
o o, 5.6
[AL, AT]=0 (AL, A7) = 8udI%.

Conversely, every automorphism of the c(A)CR can be implemented by a superuni-
tary transformation in the following sense. In order to simplify the proofs, we treat
first the case of one anticommuting parameter @ = @*,
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Theorem 5.1. Assume that the linear subspace €,:= €,® %, of £, where €, is dense
in L*(R/), is an invariant domain for the linear operators A, and their adjoints, i,
j=0,1,k=1,...,f; j=0 denotes the fermionic oscillator representation (5.1). A?(,1 is
odd and A}, is even. Define

AL:=AL0+®AL1 0=0% 0°=0
(5.7)
A +( l)ﬁ-l@Akllgf i=0,1;k=1,...,f
and assume that these coded operators fulfil the c(a)cr:
[AL, Al]=0 (AL, AT'] = 8yl (5.8)

It follows that there exists exactly one symmetric odd operator G on dom G = %,
such that G€, < €, which generates the automorphism (5.7) in the sense

A, =exp(OG)Aj, exp(—0G)

A} =exp(@G)Aj, exp(-0G) 59
which means that

A1 =[G, Al,] k=1,...,f,i=0,1. (5.10)
Proof. The 2” monomials
Coo=1 Cpy=Cp, ...C, Cio.qy=C,, ... C,, 5.10)
Cipgy=Cp ... C;Cq ... C, lsp<..<psfilsq<..<qsf
form an operator basis for 4. Any element can be expanded as

= 2 AT CL. i=0,1; k=1,...,f
7 (5.12)

dom A‘{P 4 > dom At{p 9t — chDAk{p q}cgouAt(p gt %,.
If one inserts (5.7) into (5.8), one obtains the supercommutation relations
[BAL,, Al 1+[Ako, (0A4])7]=0 Lj=0,1 k1=1,....f (5.13)

where (*) means that the involution is either done in both expressions or in none of them.
Using the (anti)commutation relations

[Ch, Cpop] = (—1)1—1C{pl---p/-lmﬂu-Pr;q) for k=p, (5.14)
leads to
(_l)IA}(:{IPI~~P,_,P,.,.\w-P,;q} = (_.l)"A:;lffr“pn—xpnﬂ"'pr"q) k =pi, m=p,. (515)
It follows that the generator

G:= (Z) [(~1)! " AL{PePpi29 €+ adjoint]
14

+ Z (_1)l—1Aiz(lp,..‘p,_lp,ﬂ...p,;q‘..,qs}C{p;q) p= k (5.16)

{pighs=1

is well defined. Using (5.13) one finds that G is symmetric and fulfills (5.10).

This result can be generalised to finitely many anticommuting parameters in the
following way.
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Theorem 5.2. Assume that the linear operators Aj ;€ Léf, i=0,1, k=1,...,f {i}=
{i,.. iy}, 1§ <...<i,< g, are defined on the invariant domain €= €,® %, where
%, is dense in L*(R’). A}, denotes the fermionic oscillator representation (5.1). Let
0, Ak, be even for i=0 and odd for i =1, where ©,,:=0, ... ®,. Assume that the
coded operator

AL:=AL0+§®“)AL‘“) k=1,...,f

AL = AL+ Y (=170 u AL e, (5.17)
{i}

{i}={i1"--ai2q—1} or {i}z{i19""i2q} qEN

fulfill the c(Aa)CRr,
[A}, Al]1=0 [AL, AT = 8.8, ,j=0,1; k1=1,...,f (5.18)
Then there exist (anti)symmetric operators Gy; € L%,,

G ("l)qﬂG?x‘)

] ' _ (5.19)
{i}={i, ..., iaq1} or {l}={ll9'-'l2q} geN
which are odd or even, respectively, such that the superunitary transformation
T:=]] exp(®,,Gy;) T*T=TT*=1I (5.20)

with the ordering defined in (5.4), implements the representation (5.17) of the c(a)cr
in the sense that

A= TA; T* A =TA,'T* i=0,1; k=1,....f (5.21)

These generators are essentially unique in the following sense: For {i}, ..., i,_1},
Gy is unique; for {i, ..., i,,}, the difference of two generators fulfilling (5.19)-(5.21)
is proportional to a constant, G~ Gi,,=i"*"cl|q, ceR, {i}={i,..., 1}, if we
assume that this difference is essentially self-adjoint on 4;:= S(RH® %, where S(R")
denotes the Schwarz space of rapidly decreasing C™ functions.

Corollary 5.1. Under the conditions of theorem 5.2, the generators fulfil the multiple
supercommutation relations

;‘=AL0+Z ®(i|)"'®{iq)[G{iq)9 [-“[G(il)a lk,o]]] i=0,1',k=1,...,f
(5.22)

with the same ordering as in (5.5).

Remark. The c(a)cRr (5.18) especially imply that the Aj, fulfil this algebra on ;. But
the c(a)cr on %, do not imply the unitary equivalence to the fermionic oscillator
representation (5.1). Therefore we insert this special representation into the assump-
tions of theorems 5.1 and 5.2. Of course, it can be replaced by any unitarily equivalent
representation.

The operator family, (5.17) and (5.18), will be called a coded representation of the
C(A)CR on the invariant domain 4.
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Proof of theorem 5.2. Inserting (5.17) into (5.18) one obtains, in a first step,

(0,4 ., AlS1+[Ako, (0,,47,,)']=0 ,j=0,1;k!I=1,....,fim=1,...,¢g
(5.23)

similarly as in equations (5.13) in the previous proof. It therefore follows, according
to (5.16), that there exist symmetric operators G,, € Li’;, such that

Aim =[G, Alo) i=0,,k=1,....fim=1,...,g (5.24)
In the second step, we redefine
kimmt' = Aigmny = [Gay [Gomy Ako]] (5.25)
and obtain the supercommutation relations
[0m®, Ak (mm's Al 1+ [ Ay, (0,0,4,..,/)]=0 Lji=0,1 k1I=1,... ,{5 %)
.26

Similarly as in the proof of theorem 5.1, one shows next the existence of symmetric
operators Gy, € L%, such that

Aicimm’ =[Gimnys Ako] ism<n<g (5.27)

We continue this procedure. Before doing the ( p+ 1)th step one has established
the existence of (anti)symmetric generators Gy, for {j}={j,,...,Jj,} with r=1,...,p,
as stated in (5.19), and does again a redefinition

AL,{i),:= A;(’{i)_ Zz [G(iq}s [ .- [G(i,}s A;(,O]‘ . ]] {l} = {ll sty ip+l} (5'28)
q? .

where again the ordering of (5.5) is applied. The sum in (5.28) runs over all pairwise
disjoint multi-indices {i.}, m=1,...,q,{i.}={i\,...,4i}, r=1,...,p, such that

m=1lin} ={i}. Inserting (5.28) into (5.17) and (5.18), we obtain the supercommutation
relations

[G’{,‘)Al}qi),, A"),((;)] + [AL,O, (@(i}A";’“}')(*)] = 0 !,J = 0, l, k, l= 1, P ,f (5.29)

from which one concludes again the existence of (anti)symmetric generators Gy, as
proposed in (5.19). These generators fulfil the supercommutation relations

Ai,{i),= [G{,-), AL,o] {it={iy,..., ipﬂ}- (5.30)
Finally, one obtains the expansion (5.22), which is equivalent to the result (5.21).
That the odd generators G;;, are unique follows from their (anti)symmetry. Essential
uniqueness of the even generators is implied by the Kato condition [12, p 287), if we
use that (B, + By +il,)€,= €= (B, — By + 1), for €,= S(R’). Here I, denotes the
identity map of L*(R).
Example 5.1. For the case of two anticommuting parameters, g =2,
A;( = AL,O+ GIA;:,I + ®2Ai’2 + ®l®2A;¢,l2
L.m=[GmaA;<,0] m=1,2
;(,12=[sz (G, A§(,0]1+[GIZ’ A;(,o] i=0,1;k=1,...,f
T=exp(0,0,G,,) exp(0,G;) exp(0,G))

where G, and G, are odd and symmetric, and G, is even and symmetric.

(5.31)
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Example 5.2. In the case g =3, one obtains

Ak123=[Gs,[G2, [G, Aloll1+[ G2, [Gy, Akol] =[Gis, [ Ga, Akl
+[GIZa[G35A;(.0]]+[61239A;(.0] i=0,1; k=1,...,f (5.32)

where G,,; is odd and antisymmetric.

Example 5.3. If we use self-adjoint supercharges Q,, n=1,..., N, which obey the

axioms (3.1), as generators G, '= t,,Q,,|<gf, we obtain the direct product of N groups of
superunitary transformations of the form

N N
T(t,...,tn) =] exp(@,,G,,)=exp( Y @,,G,,)
n=1

n=1

(5.33)
T(T)=T(+1) Lt'eR"
Example 5.4. 1f we insert an even number of self-adjoint supercharges Q,,n=1,..., N;
N =2M; M €N, into the generators in the form
Gm = thM+m+tM+mQM"€/ tma tM-f-meR (5'34)
GM+m:= thm~tM+mQM+m"€f m=l;'-',M
we obtain the following group of superunitary transformations:
T(sy,.. s SM5 1150y i)
M . m+i m .
= exp[mz=:l (1sm—Q——J?Q-AL+— (0, +1®r1m)
. . m —i m
+lsﬁ(®m_1®M+m)%&-Fzrm@melwi—m}”‘@f)] (535)
sm:=(tm+itM+m)/‘/§ rmEIR
N N
T(s;0) =[] exp(@,,G,,)=exp( Y G),,G,.).
n=1 n=1
The group composition law
T(s; )T(s; r)=T(s+s';rn+ri+2Imsis¥, ... ry+ry+2Imshysl) (5.36)
5.36

5,5'eCM; r,reR™

shows that we get the direct product of M groups of superunitary transformations,
where each group is described by three real parameters.

6. Groups of automorphisms of the c(a)cr

For simplicity reasons, let us denote the families of coded operators {A;} and {Aj}
defined in (5.1), (5.17) and (5.18) by A and A,, respectively. Theorem 5.2 implies that
the coded c(a)CR representation A on 4, is implemented by an essentially unique
superunitary transformation Te 2,® A%, such that A= TA,T* according to (5.20)
and (5.21). Vice versa, any superunitary transformation T on %, implements the coded
C(A)CR representation A= TA,T* on %,
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Let A;== TA, T}, j=1,2, be two coded representations of the c(a)CRr, which are
implemented by superunitary transformations T; on %,. This implies that A, = TA, T*,
where the superunitary transformation T:= T,T¥ on 6.

An automorphism 7 of the c(a)cr on %, is defined as a linear bijection of the
associative superalgebra @8®A’éj, which is compatible with the product of coded
operators on @, ® %, as well as with the involution (4.2) on 9, ® A%. Therefore, a
family of coded operators A fulfiiling (5.17) and (5.18) is mapped onto A’, which
again satisfies the propositions of theorem 5.2. Due to this theorem, such an automorph-
ism 7 determines an equivalence class of superunitary transformations T, such that
7(Ao) = TA,T*. Iff 7(A)= TAT* holds for all c(a)Cr representations A on €, 7 is
called an inner automorphism of the c(a)cr on %;.

The inner automorphisms of c(a)cr on €, form a group, which will be implemented
by the group Ug, of superunitary transformations T on %, due to the group
homomorphism

T > 7(8):= TST* Se P, ®A% Te Uk, (6.1)

Theorem 5.2 tells us that the set of all coded representations of the c(a)cr on % is
given by the family { TA,T*|T € U, }. The question, under which additional conditions
an automorphism of the c(A)CR on € is an inner one, remains open.

These superunitary transformations can be combined with unitary transformations
of the fermionic oscillator representation A,, by transforming just the invariant domains
appropriately.

Lemma 6.1. Let U’ and U” be unitary operators on ¥,= L*(R')® ¥,, and denote by
€;=U'€; and C7:= U"U’%;, the transformed invariant domain %;:= €,® %, of the
fermionic oscillator representation (5.1). With the superunitary transformations 7"
and T" on €} and €7, define

A= Tr/U/rArU/N' TH* A= TIU’AoUﬁ Tl*. (62)

Here we use U’ and U" as a shorthand writing of the skew-symmetric tensor product
I, ® U’ and I, ® U". Then there is an appropriate superunitary transformation T on
%5 such that

A"=TU"U AU U T*, (6.3)

T is essentially unique in the sense of theorem 5.2. One may choose T:= T"U"T'U".
Proof. A” fulfills the propositions of theorem 5.2, with A, replaced by U"U’'A, U’ U™

The unitary transformations, which are used in lemma 6.1, need not be graded, but
the superunitary transformations conserve grading in the sense of (4.3).

Example 6.1. 1f we start from example 5.4 with a Hamilton operator H:= Q32, n=
1,..., N, and an invariant domain €, < dom H'?, the group of superunitary trans-
formations (5.35) implements an automorphism group of the c(a)cr with N anti-
commuting parameters. Following lemma 6.1 one can combine these superunitary
trir/lgformations with the time evolution and form the product exp(itH)T(s, r), s, re
R™-, teR.
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Since the transformation UAU T of some coded c(a)CR representation A on %, by any
unitary operator U on %, yields another coded c(a)cr representation on U¢%;, the
inverse (TU)* = U'T* will transform any coded c(A)CR representation A’ on €= U%;
into another one on %,. T above is assumed to be superunitary on %}, such that U'TU
is superunitary on %, according to the following diagram:

U
Ao_’ A6

U*TUl l T
U
A— A
in which
Ay= UA,U" A= TAT*= UAU" A=U'AU. (6.4)

More generally, an automorphism 7 of the c(a)cr on €= U%; is combined with
the unitary transformation U of % to the mapping A'= 7 v(A), which transforms
any coded c(a)CRrepresentation A on %, to another one A’ on €}, with an implementing
superunitary transformation T on 4} such that A’= TUAU' T*, where v(A):= UAU".
In general, T will depend on the choice of A.

The group homomorphism (6.1) can be generalised to products UTV with unitary
operators U, V on %; such that U€, = V¢, = €.
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